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ABSTRACT

The dynamics of malaria transmission in a population is compartmentalized into the human and vector
classes and represented by a set of ordinary differential equations using several known clinical and
biological information. The Homotopy Perturbation method which provides solution to various linear
and non-linear differential equations was applied to obtain the analytic solution of the model. The
variational method was used for simulation to follow the trend of the population in the respective classes
over a period of time. The result revealed the possibility of delimitation of the endemic disease through

concerted effort.
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INTRODUCTION

Malaria is an ancient infectious disease with a
10,000 years of history (Hempelmann et al.,
2009). It is originally from different species of
Plasmodium ancestors, the disease was first
found in three places: West Africa, Central
Africa and South East Asia. (Mendis et al.,
2001).

In the early period of the last century, the total
population of malaria infections has reached a
very high level with more than one half of the
world’s population at significant risk. Since the
early 1950s, with the appearance of the
effective insecticide DDT and medicines for
malaria infections, the disease has almost gone
into extinction in North America and most
European countries. Presently, deaths caused
by malaria mainly happen in Africa. Although,
the disease incident rate is still high in India and
Southeast Asia, the induced mortality rate is
lower in contrast to that in Africa. The reason
can be traced to the origin of malaria. The
impact of the increasing frequency needs to be
carefully evaluated, preferably by mathematical
models. It is widely acknowledged that the
models can play a crucial role in predicting
disease dynamics. The Ross-MacDonald model
is the earliest attempt to quantitatively describe
the dynamics of malaria transmission at a
population level. (Chitnis et al, 2006; Ross,
1992; McDonald, 1957). In this research work,
the homotopy perturbation method is used to

find the solution to the dynamics of malaria
transmission.

METHODOLOGY

The Homotopy Perturbation Method

The Homotopy Perturbation Method (HPM)
was developed by (Ji, 2000). The HPM

provides solution to various linear and non-
linear differential equations (Jiya, 2010).

The basic idea of the method is by considering
the following non-linear differential equation:

AU)-f(r)=0, , _¢ 2.)

with the boundary condition

B[U,szo
on ,rel

Where A is the general differential operator, B

the boundary operator, i) is the analytical
function and I is the boundary of the domain Q.
The A operator can be divided into two major
parts L and N been the linear and nonlinear
components respectively and (2.1) can be
written as:

L(U)+N(U)-f(r)=0reQ
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The HPM is composed as follows: Ry, = Recovered human
H(V:h)=(1—h)['-(v)—'—(Uo)}fh[A(V)‘f(r)]zo Sy = Susceptible vector
Where V(P):Qe[0l]>R is an embedded Iy = Infected vector
parameter and Yois the approximation that V, = Therapy class
satisfies the boundary condition. The solution
can then be assumed as power series in h as v = Birth rate for the vector population
follows:
“n = Birth rate for the human population
V =V, +hV, +h%/, +...
= Transmission rate from Sy to I,
With approximation best obtained when: o
6 = Transmission rate from I, to Ry,
U =lim=v,+hv, +h%, +...
hos1 e = Transmission rate from S, to I,
6 = Transmission rate from Vy, to S,
the rate of convergence majorly depends on the .
nonlinear operato?A(V). jorly dep ¢ = Transmission rate from S, to Vj,
Solution of the Model Using HPM. Llﬁmazns Natural death rate from infection in

Consider the system of the equations . . .
y f up = Death resulting from infection in human

ds, .
ot PR @OV = A, (1) uy = Natural death resulting from vector
population
di
P MR IR +5)|h:0 @) r = Rate of flow from R, to S,
dR P = Recruitment term.
Th&h = (u *rsh)Rh_ )
t =0 ©)) Applying HPM to (1) we have
av,
Y —p)=(d— d d
g PO, ) (1—h)dst“+h[dsth—Ahp—(rRh+(9—¢)vh—uh—ﬂlv)sh}—0
ds, 8
Ny +(/uv +e|h)sv
dt =0 (5) Let
dl 2
v _ S, = C,+hc, +h°c, +...
pm eSVIh+#VIV=O (6) h o +NC; + 2 2t 9)
o N I, = e,+he +h%, +.. (10)
With initial condition )
2 (0= R0 R, = W, +hw, +h°w, +... (11)
$y(0) = S,0, 1,(0) = 1,0, Ry (U) =R, 0, _ 2
S, (0)= 5.0, 1,(0)= 1.0 V, = k, +hk, +h%k, +... (12)
_ 2
Where: S, = X, +hx, +h°x, +... (13)
. I, =y, +hy, +h?y, +...
S, = Susceptible human v T Yo TN, (14)
I = Infected human
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Put equations (10) to (14) in (8)

122

(c; +hc] +h%cy +..) = A, p—(r(w, +hw, +h*w, +...) +
(L-h)(c, +hc; +h3c) +..) +h (0-@)(k, +hk, +h%k, +..) =z, = B(Y, +hy, +h*y, +..)) | =0

2
¢, +he, +hc, +...

Simplifying (15) and collecting the coefficient
of powers of h, we have

ho ZC(’) =0 (16)

h" 1c; — A, Prwg + (0 — @)K, — 24y — YoCo
17)

h? : Cy — A PW, + (0 — @)k, — ByoC, — BYiCo
(18)

h® I=An PW, (0= h)K, — BYoC, — BC — BY.C,
(19)

Substitute equations (9), (10) and (14) in to (22)

(€, +he/+h%)+..) - B

(15)
h* = YC, - BY.G (20)
h® :-py,c, (1)

Applying HPM to (2) we have

dl dl
(1—h)dt“+h{d;—ﬂshlv + (g +6)Ih}=o

(22)

(L-h)(e} +he] + N’ +..) +h[ (¢, +he, +hC, +..)(Y, +hy, + hPy, +..) + (1, + 1, +0) | =0

(e, +he +h’e, +..)

Simplifying equation (23) and collecting the
coefficients of powers of h we have

ho . e{) = O (24)

h' re — ey Yo + (4 + t + ), (25)

h* :e = PeoYr = Yo + (1 + 1o + )y

(26)

h® 1= oY, = BeyYs = 0, Yo + (#ty + o + O)e,
(27)

Substitute equations (9), (10) and (11) in (30)

(L h)(w, + W, + N, +..) +h

Simplifying equation (31) and collecting the
coefficients of powers of h, we have,

h' W] — W, — 2,W, — I'c,W, (33)
h? W) — BW, — B W, — £4,W, — ICyW,
(34)

3 .
h® @ =y, — W, —R,W, — £4,W, — FCoW, —FC;W, — F'C,W,

(35)

ISSN:

(W, +hw, + W, +..) = (5( &, + he, + e, +..) — 1, — 0
r( ¢, +hc,+hc, +..) )(w, +hw, +h’w, +...)

(23)
h* = Bcyy, — fc, Y, (28)
h® :-pc,y, (29)

Applying HPM to equation (3) we have

dR dR
(1_h)dth+h|:dth_(é]h — Hy _rsh)Rhi|=O

(30)

(1)
h* @ =W, — &,W, — rc,W, — Ic,w, (36)
h® :-rc,w, 37)

Applying HPM to equation (4) we have

dv dv
a- h)(Tth+ h{dt“—Ah(l— p)— (9_¢)Shvh:l =0
(38)
Substituting equations (9) and (12) in to (38)
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k! +hk! +h°k} +..) = A, (1- p) -
(A= h)(K. + bk +h2k, +..) + b 0 FIKEF K+ =, (L) -0
(0-9)(c, +hc, +h’c, +..)(K, +hk, +h*k, +..) (39)
Simplifying equation (39) and collecting the h* 1 —(@-¢)ck, — (0 —p)c,k, (44)
coefficients of powers of h, we have 5
) h> 1 —(6-¢)C,k, (45)
h® 1k, =0 (40) Applying HPM to equation (5)
h' ki —=Ap@=p) = (@ -9)ck, (41) ds ds
, 1-h)—L+h —X - I =0
h? 1k —(0—@)cok, — (0 —g)ck, (42) ( ) dt " [ dt Aluy e h)sv}
h* :~(0—¢)cok, — (0~ p)ck, —(0-g)c.k, (46)
(43)

Substituting equation (10) and (13) in to (46)

X, +hx, +hx) +..) - +
@-h)(x) + hx} +h?x/ +..) +h O+ 2 +) = A (4 }

e(e, +he, +h%e, +..))( X, +hx, +h®x, +...)

(47)
4 . _
Simplifying equation (47) and collecting the h™—exe —exe, =0 (52)
coefficients of powers of h we have h® :—ex,e, =0 (53)
0 .y _
"% =0 (48) _ .
WY 2 X — A, X — €CyX, =0 (49) Applying HPM to equation (6)
2 .y —
h™ 1% — A, 1, —€CyX —ex,e =0 (50) (1_h)dd|£’+h[dd|£’—esvlh+yvlv}=0
h® D= A, 44X, —€CoX, —€xe, —exe, =0 (54)
(51) Substitute equations (10), (13) and (14) in to
(54)
(ys +hy, +h?y) +..) -
@-h)(y, +hy, +h?y} +..) +h| e(x, + hx, +h*x, +..)(e, +he, +h%, +..) +|=0
(Yo +hy +h*y, +..) (55)
Simp_lifying equation (55) and collecting the Integrating we have
coefficients of the powers of h we have Ie, (o
0 Ly o (63)
h™ =y, =0 (56) e, = A (64)
1 ..\, —
h™ oy; +exee, +44,Y, =0 (57) Applying initial condition
h? ©y) +X,8, + X8, + =0
3 Yo + X8 + X8 + 4, Y, (58) e,(0) = Ir? = e, (65)
h® :e,X, +€X, +€,X, =0 (59)
X 0
h* :xe, =0 (60) A=n (66)
h® :X,e, +X,e, =0 (61) e 10
Thus,™@ — 'h (67)
Ftngquatlon (24) From equation (16)
S = (62) ,

ISSN: LAJANS 1(1):120-130
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Integrating we have

Je =Jo

c, =B

Applying initial condition

Co (0) = SE =Cy

B=5
0

Thus %o =

From equation (32)

w, =0

Integrating we have
fw; =To
w, =C

Applying initial condition
Wo(o) :Rr? =W

Ry

C

_ po
ThusWo = R
From equation (40)
ke =0

Integrating we have

Jlo =Jo

k, =D

Applying initial condition
ko(o) :Vr? :ko

0

p="n

_\,0
Thus, Ko =Vy
From equation (48)
Xg =0

Integrating we have

Jx =[o

X, =E

Applying initial condition

% (0) = S\(/) =%

0

E=Sv
0

Thus, o =3y

From equation (56)

Yo =0

(92)

ISSN:

(69)
(70)

(71)
(72)
(73)
(74)
(75)
(76)
(77)

(78)
(79)
(80)

(81)

(81)
(82)

(83)
(84)
(85)

(86)

(87)
(88)

(89)
(90)
(91)

124
Integrating we have
Yo =F (94)
Applying initial condition
Yo(0) =17 =y, (95)

0
F="v (96)
=10

Thus Yo = 'v (97)

Similarly From equation (17)

C. = An PrW, — (0 — @)K, + 4, + BYoCo (98)
Integrating we have

J.C:{ = I(/\h prw, — (0 — @)K, + 14, + BY4Co) (99)
[ el = [(nnprowg —(0— @)k, + a2, + BYoCo )t
(100)

C, = (A, Prw, — (0 — @)Ky + 1, + BYoCHIt +G
(101)

where G is constant.

Applying the initial condition

c,(0)=0

C, = (A Prwg — (0 — @)K, + 11, + BYoCot

(102)

Consequently

¢ =(Aq pr(Rr?) _(‘9_¢)Vr? + My +:B|\? Sr?)t
(103)

From equation (25)

€ =fCoYo — Mty + o+ O (104)
Integrating we have
_[del = j(ﬂcoyo — My + po +0)dt (105)

e = (BCoYo — (1, + 1y +O)eo)t +H (106)
Where H is constant
Applying the initial condition

e (0) =0 (107)
€ = (8o — (1, + g + O)&)t (108)
Consequently

& = (B(sy)(15) = (gt + 1y + ) )t (109)

From equation (33)
W, = RyW, + £, W, + IcyW,

(110)
Integrating gives
W, = (W, + 4, W, + rCow, )t + | (111)
Applying initial condition
Wy = (oW + £y Wo + ICoWo ) t (112)
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Hence X, = (A, 4, Xy +ECX)t (121)
= (AR + 4R + ISR (113) Consequently
In:[egratlng equation (41) gives X, = (A, 4, (S0) +essOt (122)
ki =An(@=p)+(0-¢)cok, From equation (57)
k, = (A'h(l-— p) + (H—é)?oko)t 0 (114) Yl = —ex,€, — 14, Y, =0 (123)
Applying initial condition And
k,(0)=0 (115) Y = (=€X08 — 4, Yo)t + L (124)
Ky = (A A=)+ (O=P)cko)t  (196) Applying initial condition
Consequently y,(0)=0 (125)
kp =(ny (1_ p)+(0—g)spvp)t (117) Y, = (—€X,€y — 44, Yo )t (126)
From equation (49) And so
L= X X

X /\"_'UV 0 T8 %0 (118) Y1 = (esy 1y — 1))t (127)
Integrating gives Similarly
X, = (A, 1, X0 +ECX )+ K (119) From equation (18)
Applying initial condition Co = Ap PW, — (0 =Bk, + ByoC, + BY,C,
x,(0) =0 (120) (128)

Therefore

v | p(al, RO"’ﬂhRO"'rSh ) (0-¢)(n (1_p)+(€_¢)5r?vr?+ﬁ|\?(/\herr?,[
-+ IS+ A1 - g 1]

(129)
Integrating and applying the initial condition to (129)
c, = [ p(aﬁ(RmhRﬁwsﬁRﬁ—(e—¢)(Ah<1—p>+(e—¢)sﬁvﬁ+ﬂIS(Aher:r
0 0,0 0,0
—(O -9+ 11y + B1,5) + B, 1y - 2 (130)
From equation (9) s, (1) =52+ (A, prRS — (0 — )V + 1, + P12 sHt +
s,(t)=c, +hc, + hZCz (131) An PIOWRY + Ry +TSRy)
—(0-9) (A, (L= P)+ (O - )V, + )
Taking the Lim h—1, gives B1O(~, PrRY) %
s,(ty=c, +c, +¢, (132) — (0= @)y + y + PIUSy) +
i : Cos €, @nd c,; | Alesyly = 1ysy) _
Substitute equations of “o' ™t 2into (132) (133)

From equation (26)
€ = oYy + 1Yo — iy + o + )8 (134
Hence
oo [ O =010 = 1 (10)+ Bl PIRD) = @ = ) + y + (1) -
(an + o + O)BE)Y) = pty + g + 8 (135)

Integrating and applying the initial condition
€,(0) =0 5 (135)
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_[ BN e =1 (19) + By PR = 0= V3 + 1, + EN(Y) ~ |12 (130)
(4t + 10 +E)BE1) =ty + g+ O)ey 2

Now from equation (10)

I,(t)=¢, +he, +h,.. (137)

Taking the Lim h—1 we have
I,(t)=¢e, +e +e,

Substituting €. € ande,

L@®)=(17) +(BE)UR) = (y + o + I +

{/3(553) —e($2)(19) ~ 1,(19) + B(n, Pr(RY) — (0~ 9V + gy + B(S)(1?) —} £
(i + 15+ O)BEDA) = (tty + 1y + 8)1 2

in to (137)

(138)
From equation (34)

W, = B,W, + BW, + £, W, + rCyW, (139)

Hence

y :la(lﬁ)(é(l,?)(Rﬁ>+uh(Rﬁ)+ F(R)RY) + (AL = 1y + p + O)(RY) + ]t
* L GUDERD) + 4 R+ HEIRD) + HEDEINRD +RD+IGHED] 0

Integrating and applying the initial condition w, (0) =0 to (140)

{50 DEUDR) + 4, (R + 1 (SR + (B (19) =ty + 1t + S)(RY) + }
W, = (141)

(SR + 1, (R + 1 () (R + 1 ()G RY) + 1, (R + 1 ()(Ry) | 2

Now from equation (11)

R, (t) =w, + hw, +h?w,... (142)
Taking the Limh—1,

R.()=w, +w, +Ww, (143)

Substituting for w,, w; and w, in to (143)
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SGUNR)+ 4 (R + TSR + (A
=ttt + O)R) 2 (144
R ()= (R) +((R) 4 (RE)+ )R 4|+ - W
#(EUR)R) + (R + ()R +
T(s)EUR)R) + a4 (R + (SR,
From equation (42)
ké = (9 - ¢)Cok1 + (9 - ¢)C1ko (145)
Hence
¢ {(9—@(53)(%(1— P)=(0—-)(sy)(vy)) +(@=9)(n, Pr(RY) = (O - B)vy + +]t (146)
()]
Integrating and applying initial condition k, (0) = 0to (146)
. {(e—m(sﬁ)m(l— )= (0= AN+ (O~ A, IR - (0= 4V, + 1 1 ¢
CLBODENW) 2
Now from equation (12)
v, (t) =k, +hk, +h%k, (148)
Taking the Lim h— 1, gives
v, (t) =k, +k, +k, (149)

Substituting for k,, k; and k, in to (149)

V(D) =Vy +(Ay (L= )+ (0= )(sn) (V)
+{(9—@(83)(%(1— P) = (0= 9)(Sn) (V) + (0 = #) (A, Pr(RY) = (0 - AV, + 41, +}ﬁ (150)
(I 2
From equation (50)
Xy = A, U, X, +€Co X, +EX,e (151)

Consequently

" [Av 0 11, 80) + (S2)(S)) + () A 41, (8, 1, (87) + e(sﬁ)(sé’)}t

(152)

+e(s,)(B(s)(18) = pty + 1 +6)

Integrating (151) and applying initial condition x,(0) =0
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A (A 11, (8)) +€(57)(8))) +e(sp) (A 1, (A, 11, (8)) +8(83)(S)) | 2
+e(s))(B(sy)(17) =ty + 4ty +6) 2

Now from equation (13)

S, () = X, +hx, +h®x, +...
Taking the Limh—1,
Sy ()= Xg+X +X, +...

Substitute equations of X,, X;, X, in to (154)

Sy ()= (59)+= (A, 41, (5)) +e(s7) (st +
[AV 1, (1, (59) +8(5)(8))) + (57 (A, 44, (A, 22, (57) +(57)(89) [ €2
+e(s))(BE)I7) — py + 115+ ) 2
From equation (58)

y, = —X€ — X8 —44,Y; =0
Hence

,_ {— (SR =ty + g +8) = (n, 11, (87) +€(57)(87)(17) = |
1, (-e(8) (1) = 1, (1)

Integrating (157) and applying initial condition y, (0) =0

_ {— (SDBENA) =ty + g +6) = (A, 11,(5)) + (7)) -
w1, (-e(s)(17) = 1, (17) 2

—+
N

2

Now from equation (158)

I, (t) = Yo +hy, +h%y, +...

Taking the Limh—1,

MOE Yot Yit Yo+

Substituting for Y,,Y;, Y, in (160)

L (1) = 1)+ = (=e(s,)(17) — 1, AVt

. = (S)BEDUR) =ty + g + ) = (A, 1, (8)) +e(sy)(8)(17) — |2
ey (=e(s,) (1) = 41, (1)) 2

Therefore, the general analytical solution to the model is

S,(t) =s,0+ (A, prR,0—(0—-¢)v, 0+ 1, + B1,0s,0)t +

A, P(A,0R, 0+ 2,R,0+rsR,0) |

~(O= A A= P)+ (O 95, 0%,0+ | ,

A1, 0(~, PIR,0) >y

—(@—-9)v,0+ 1, + p1,0s,0) +

p(—es,01,0—44,1,0s,0)

128

(152)

(153)

(154)

(155)

(156)

(157)

(158)

(159)

(160)

(161)

(162)
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L©) =(17) +(B(s)15) = (u, + 415 +5)1, 00t +
|:ﬂ(sh 0) —e(s,0)(1,0) — g, (1,0) + B(~,, pr(R, 0) — (6 — §)v,, 0+ 1, + B(s,0)(1,,0) - E (163)

(1t + 11y +8)(B(5,0)(1,0) = (g, + 1o +6)1,,0 2
5(1,0)0(1,0)(R, 0) + 4, (R, 0) +
B (s, 0)(R, 0) + 5(B(,0)(1,0) -ty + 115 +6) t?
Ry(®)=(R,0) +(5(1, 0)(R,0) + 1, (R, 0) + r (s, O)(R, O)) t + R0+ (50, OR 0)+ 1 (RO +1(5.OR0)+ | 2 (164

r(s,0d(1,0)(R, 0) + &, (R, 0) + r(s, 0)(R, 0)

Vi () =40 + (A, (1= p)+(0-9)(s, 0) (v, O))t
{(9—¢)(Sh0)(/\h(1— P) = (0-¢)(5,0)(v,0)) + (0 - #)(~, PT(R, 0) = (0 - #)v, 0+ 11, qﬁ

B((1,0)(s,0))(v,0) 2 (165)

Sy () = (8,0)+ = (A, 4,(s,0) +e(s,0)(s, 0))t +
/\v :uv (/\vluv (Sv 0) + e(sh 0)(Sh 0)) +e(sh 0)(/\v luv (/\v /uv (Sv 0) + e(Sh O)(Sh 0) E (166)
+e(s,0)(B(s,0)(1,0) — (ty, + 1o +6)1,0 2

L, (®) = 1,0+ = (=e(s,0)(1,0) — 2, (1, O))t
N {— (5,0)(B(s,0)(1,0) = (s, + 11 + )1, 0= (A, 4, (5, 0) +€(s,,0)(s, 0)(1,,0) —}ﬁ (167)

luv(_e(svo)(lho)_luv(lvo) 2
Simulation Using Results from HPM 100
90t
100 - — |
1 -~ 20
90 7 ] i
. / L
804 / 1
70 f; 60 "\\
60 .-"f HumanPop. 50 Susceptable
] ] = = Infected
Human Pop. jD—_ 4 ——Is.ﬂfecneduﬂj1 104 \\ = Fecoversd
40 "‘ Rect:fered . il
1 30 \
0 1 20 \
204 1 \
_"_f 10 \
10 ~
4 "--..____
"02 ot 06 08 1 0 02 04 06 08 1

Time | yeers)

tme | years) Fig. 1.2 Human Population Over Time in Years

Fiz 1.1 Human Population Over Time in Years for

Using the variation method, the simulation is

carried out using the data as in Olaniyi and Ay =004, 5=0.001,e=0.07,6=050=03
Obabiyi (2013). Other parameters were ¢ =0.32'r =0.00137, 1, = 0.548, 4, = 0.02,
assumed for lack of availability of data. 1, =0.0429, p =0.002, A, = 0.0515,

A, =0.04,4=0.1e=0.07,5=0.016 =0.08
¢ =0.32'r =0.00137, 1, = 0.548, 1, = 0.02,
4, =0.0429, p =0.002, A, = 0.0515
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100
a0 v

so;\

TD_- \
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A, =0.04,3=00Le=0.07,6=020=02
¢ =0.32'r = 0.00137, 1, = 0.548, 11, = 0.02,
4, =0.0429 p =0.002 A, =0.0515

DISCUSSION

Fig. 1.1 depicts sharp decrease in the
susceptible population and increase in the
infected class. These two segments of the
population reached deteriorating levels at time
t=0. The initial population of susceptible almost
shrinks to zero after the first year, only to be
overtaken by the infected population. This is so
because the treatment rate is very low as only
slight increase in the recovered class is
noticeable. Fig. 1.2 is a healthier population as
far as the endemic is concern. The infected
population diminishes faster over the period of
time. Thought at the onset, the susceptible
population is on the decrease but maintains
steady state after time t=0.2. The recovered
class is on the increase as a result of inflow from
the infected class. In fig. 1.3, the population is
significantly infected before attempt to fight the
scourge. After time t=0.4, serious improvement
is noticed with the susceptible and infected
classes heading towards increase while the
infected is almost wiped out at time t=1.

Conclusion

The Homotopy Perturbation Method was
applied to obtain solution to the set of ordinary
differential equations derived from the
dynamics of malaria transmission. The
variational method was also applied to obtain

ISSN:
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the graphs from which future trend of the
endemic is revealed. In this case, the
transmission can be controlled. The research
work further affirms the usefulness of the HPM
in finding solution to a set of differential
equations.
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